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We provide an origin of family replications in the standard model of particle physics by construct-
ing renormalizable, asymptotically free, four dimensional local gauge theories that dynamically
generate the fifth and sixth dimensions with magnetic fluxes.
Introduction.— The standard model (SM) of elementary
particle physics still holds a mysterious puzzle in its mat-
ter contents. Who ordered three copies of quarks and lep-
tons in the SM? As I. I. Rabi famously quipped for the
muon “Who ordered that?”, up-type quarks (up u, charm
c, top t), down-type quarks (down d, strange s, bottom b),
charged leptons (electron e, muon µ, tauon τ) and neu-
trinos (electron neutrino νe, muon neutrino νµ, tau neu-
trino ντ ) carry the same quantum charges and are dis-
tinguished by their Yukawa couplings to the Higgs boson,
namely their masses. After the SM was proposed, this sim-
ple and profound mystery has been one of great interests
in the SM over a long period of history. Nevertheless, a
satisfactory explanation for an origin of three-generation
structures has not been naturally given from the viewpoint
of four dimensional (4D) field theory.
Among attempts to reveal an origin of triply multiple
copies of the SM fermions, a promising hypothesis is that
there exist compactified extra spacial dimensions in ad-
dition to 4D that we live in, although our world appar-
ently looks four dimensional. In higher dimensional the-
ories, fields are expanded by Kaluza–Klein (KK) expan-
sions, which are to decompose extra dimensional parts of
higher dimensional fields into a complete set spanned by
the KK mode wavefunctions. A novel proposal by Bachas
is based on quantized magnetic fluxes in toroidal compact-
ification [1], where the magnetic fluxes provide a degener-
acy of the lowest KK-expanded wavefunctions. The de-
generacy of the lowest KK modes should be regarded as
the family replication of matters after dimensional reduc-
tion. After the Bachas’s proposal, Ibanez et al. pointed
out that the degenerated mode functions can be analyti-
cally expressed by an elliptic function and discussed their
convergence properties [2].
However, such higher dimensional theories contain di-
mensionful coupling constants and are non-renormalizable.
Thus, these theories possess less predictability in general.
In 2001, Arkani-Hamed et al. proposed a splendid ul-
traviolet (UV) completion, called (de)construction of an
extra dimension [3], where a fifth dimension can be ef-
fectively established by the multiplicity of 4D renormaliz-
able gauge theories. In the paper, the authors utilized the
knowledge of lattice gauge theories to interpret the non-
renormalizable higher dimensional gauge theories by renor-
malizable ones. As the results, (de)constructed higher di-
mensional theories acquire a predictability without loss of
several essential properties.
In this Letter, we apply the (de)construction mechanism
to the flux compactification where there exists a (nontriv-
ial) topological index associated with the index theorem,
and construct renormalizable, asymptotically free, 4D lo-
cal gauge theories that dynamically generate the fifth and
sixth dimensions with magnetic fluxes. A main subject of
this study is to establish the UV completion of magnetized
toroidal compactifications and formulate latticized gauge
theories where the index theorem [4] is applicable. We
find that two dimensional Moose diagram is insufficient
due to the Nielsen–Ninomiya theorem [5] with the index
theorem for zero-modes where the index of the Dirac op-
erator in the latticized space is inevitably zero. Thus, it is
remarkable that it is necessary to treat three dimensional
(3D) Moose diagram to correctly regulate the theory from
(de)constructing points of view.
Multiple zero-modes with fluxes.— Here, we briefly re-
view an original theory proposed in Ref. [2]. We consider a
six dimensional (6D) gauge theory that has magnetic fluxes
(or magnetic monopoles) in toroidal compactification T 2.
It contains nonvanishing flux background b =
∫
T 2 F of the
field strength F = (ib/2)dz ∧ dz¯, which is provided by a
vector potential
A(b)(z) =
b
2
Im (z¯dz), (1)
where two Cartesian coordinates of the fifth and sixth di-
rections y5 and y6 are expressed by z ≡ (y5 + iy6)/2piR.
The single-valuedness of the 6D action under con-
tractible loops, e.g., z → z + 1 → z + 1 + i → z + i → z,
demands the Dirac charge quantization,
qb
2pi
= m ∈ Z. (2)
We perform the KK decomposition of the 6D Weyl spinor
Ψ and scalar Φ by a complete set as
Ψ(xµ, z) =
∑
n
χn(x
µ)⊗ ψn(z), (3)
Φ(xµ, z) =
∑
n
ϕn(x
µ)⊗ φn(z). (4)
2for n = 0, 1, 2, · · · , where χn denotes 4D Weyl spinors.
Here, the KK-decomposed wavefunctions in the extra di-
mensional parts ψn and φn are chosen to be eigenstates
of the covariant derivative D = 2∂/∂z¯ + pimz and the
Laplace operator ∆ = {D†, D}/2 for extra dimensions as
i /Dψn = mnψn and ∆φn = m
2
nφn, respectively, as defined
in Ref. [2]. In the Letter, we adopt a unit 2piR = 1 for
the compactification radius R and set a U(1) charge as
q = 1. On the flux background (1) for m > 0, the lowest
KK-decomposed modes ψ0 are m-multiply degenerated as
ψj+,0(z) = N e
πimzIm z ϑ
[
j/m
0
]
(mz,mi), (5)
with j = 0, 1, · · · ,m− 1 and the Jacobi theta function
ϑ
[
α
β
]
(ν, τ) =
∑
ℓ∈Z
eπi(α+ℓ)
2τ+2πi(α+ℓ)(ν+β), (6)
where α and β are real parameters, and ν and τ take
complex values with Im τ > 0. On another hand, ψ−,0
possesses no normalizable zero-mode wavefunction, where
we decompose the two dimensional (2D) spinor as ψ0 =
(ψ+,0, ψ−,0)
T carrying the 2D chiralities. Also, N denotes
a normalization factor, given as N = (2m)1/4. Note that
the lack of ψ−,0 implies that the chiral spectra are real-
izable in the low energy effective theory. The zero-modes
(5) are localized at different regions on the torus T 2 and
their schematic shapes are Gaussian-like. The important
point is that the degeneracy of the zero-modes corresponds
to the family replication after dimensional reduction. Al-
though mode functions of the scalar are the same as those
of the spinor, an exception remains in the KK mass spec-
tra. Indeed, it is straightforwardly found that the KK mass
spectra of the spinor are calculated as
m2n = 4pimn. (7)
(The KK mass spectra of the scalar are given as m2n =
4pim(n + 1/2).) Although they are not necessary in this
Letter, the concrete wavefunctions of excited KKmodes ψn
and φn for n ≥ 1 are analytically calculated, as discussed
in Ref. [6].
(De)Construction of magnetized dimensions.— In order
to (de)construct magnetized toroidal dimensions, we start
from the Wilson fermion on the 3D “Moose” diagram in
Fig. 1 or namely discretized three dimensions. The parts
associated with the seventh dimension of fields satisfy the
Dirichlet boundary condition. The Lagrangian of the 4D
Weyl spinor in three Cartesian coordinates reads:
L =
1
2
∑
y¯
η¯y¯i

 ∑
M=5,6,7
ΓM
(
QM (y¯)ηy¯+Mˆ −Q
†
M (y¯ − Mˆ)ηy¯−Mˆ
)−M0∑
y¯
η¯y¯ηy¯
−
1
2
∑
y¯
η¯y¯

 ∑
M=5,6,7
(
QM (y¯)ηy¯+Mˆ +Q
†
M (y¯ − Mˆ)ηy¯−Mˆ − 2η¯y¯ηy¯
) , (8)
where y¯ ≡ (y5, y6, y7) is a discretized coordinate for
the 3D Moose diagram which is defined as yM ∈
{1/NM , 2/NM , · · · , 1} (M = 5, 6, 7), Mˆ is a unit vector
for the M -th direction and ΓM is the gamma matrices for
extra three dimensions. As is the case with the lattice
gauge theory, ηy¯ = ηy¯(x) and η¯y¯ = η¯y¯(x) are regarded as
independent fermion fields each other in the 4D Minkowski
spacetime, and M0 is a real positive parameter of order
one. Since we are interested in the low energy spectrum of
the Dirac operator, thus we extract the low lying modes
of the Dirac operator as the same as the work in Ref. [7].
To be precise, after integrating out only the seventh di-
rection of the latticized fermion fields with a trivial link
function Q7(y¯) = 1 and a Pauli–Villars infrared regula-
tor field, chiral fermions are realized in the residual 2D,
similarly to a derivation of the overlap-Dirac operator in
the context of the 4D lattice gauge theory. For practical
reasons, we employ the Mo¨bius domain-wall Dirac opera-
tor rather than the standard domain-wall Dirac operator.
This is due to the fact that the Mo¨bius domain-wall Dirac
operator can realize more appropriate chiral symmetry [8]
only through a slight extension of the seventh direction
in comparison with the standard one, e.g., Ref. [9]. Also,
it is expected that the Mo¨bius domain-wall fermion with
N7 lattice points becomes asymptotically equivalent to the
standard one with 2N7 lattice points [10]. The Hermi-
tian domain-wall Dirac operator HDW [11] with the corre-
sponding Pauli–Villars infrared regulator filed is given in
Refs. [8, 10] as
HDW =
1
2
sgnrat(HM ), (9)
where the matrix sign function sgnrat(HM ) by use of the
3FIG. 1. A schematic picture of three dimensionally extended
Moose diagram (or discretized toroidal extra directions plus an-
other direction associated with the domain-wall fermion), which
is necessary to utilize the index theorem. Link functions QM (y¯)
with y¯ = (y5, y6, y7) and M = 5, 6, 7, correspond to gauge fields
in the lattice gauge theory.
rational approximation is defined as
sgnrat(HM ) =
1− (T (HM ))
N7
1 + (T (HM ))N7
, (10)
with the transfer matrix T (HM ) = (1 − HM )/(1 + HM ).
The kernel operator (the Hermitian Mo¨bius-Dirac opera-
tor) HM is given as
HM = Γ7
2DW
2 +DW
, (11)
where Γ7 is a chirality operator, namely the Pauli matrix
σ3, and DW is the Wilson–Dirac operator with the mass
−M0. Here, 0 < M0 < 2 is required to realize a correct
pole structure, and we set M0 = 1. We adopt the same
choice of parameters as those reported in Ref. [12]. Note
that if we start from the overlap-Dirac operator, which is
realized in the limit of N7 → ∞ and it has an exact sign
function, the theory becomes nonlocal and phenomenolog-
ically unnatural.
To introduce magnetic flux background, we assume that
link functions QM (y5, y6) in the toroidal directions acquire
the following expectation values:
Q5(y5, y6) =
{
1 (y5 6= 1),
exp[−iby6] (y5 = 1),
(12)
Q6(y5, y6) = exp[iby5], (13)
where yM ∈ {1/NM , 2/NM , · · · , 1} (M = 5, 6), and b =
2pim is required from the consistency of single particle
wavefunction [13].
(De)Constructed zero-mode wavefunctions.— In order to
obtain zero-mode wavefunctions, the main task is to solve
an eigenvalue problem,
HDWψ
(D)
n (y) = λnψ
(D)
n (y), (14)
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FIG. 2. The KK spectra in the continuum (black cross symbols)
and (de)constructed (colored dots) theories, where the square
(rhombus and circle) symbols denote those of N5 = N6 = 30
(20 and 10), respectively.
where y ≡ (y5, y6). Eigenvalues and eigenvectors in the
eigenvalue problem correspond to the KK-decomposed
mass spectra and mode functions. To realize Gaussian-
localized zero-modes, it is necessary to select appropriate
bases out of eigenvectors in Eq. (14) such that all of kinetic
terms are canonically normalized. This is because, on the
lattice, there is no reason to be eigenstates of a covariant
translational operator Y˜ defined in Ref. [14]. Note that
the zero-mode wavefunctions in Ref. [2] are all eigenstates
of the operator Y˜ .
In our practical calculation, we take the number of lat-
tice points in the seventh direction is sixteen, i.e., N7 = 16,
and set N5 = N6 = 30, 20 and 10 for comparison. Also,
we fix the number of magnetic fluxes as m = 3. Our code
is implemented by Python 3.4 and Numpy with Cython
from the scratch, and the calculation is performed in our
laptop and desktop computers. By the setup previously
shown, it is possible to realize localization profiles of the
KK wavefunctions as well as several lower modes of the
KK mass spectra m2n = 4pimn (7) as shown in Fig. 2. It is
remarkable that negative chirality modes never appear in
the lowest eigenvalues, as recognized in the continuum the-
ory, and thus the (de)construction mechanism also lead to
chirality projection via the presence of nonvanishing fluxes
(monopoles). Note that the degeneracy of each of KK lev-
els is controlled by N7, while the mass squared ratios of
the KK spectra are determined by N5 and N6. The de-
viation between the continuum and (de)constructed theo-
ries can be recognized, depending on the numbers of N5
and N6. Next, we depict the (de)constructed zero-mode
wavefunctions ψ
(D),i
0 (i = 0, 1, 2) in Fig. 3, where one can
easily find satisfactory agreements between each of zero-
mode wavefunctions for Eq. (14) and those in the contin-
uum theory (5). It is also found that the scalar compo-
nents are discretely realized in a similar manner. Thus,
we conclude that the magnetized extra dimensions can be
(de)constructed.
4FIG. 3. Zero-mode wavefunctions for Eq. (14) (orange dots) and those in the continuum theory (5) (shaded curved surfaces), where
we set N5 = N6 = 30.
Conclusion and discussion.— In this Letter, we have re-
constructed the toroidal compactification with magnetic
fluxes on the basis of an idea by Arkani-Hamed et al.,
(de)construction. As a main result, we have concretely es-
tablished the renormalizable, asymptotically free, four di-
mensional local gauge theories where family replications,
e.g., three-generation structures of the SM fermions, orig-
inate from nonvanishing magnetic fluxes in the toroidal
compactification. Because the toroidal compactification
with fluxes possesses nontrivial topological index, it turned
out that the (de)construction of such a situation is required
to utilize the three dimensional Moose diagram with the
Wilson fermion, namely the domain-wall fermion. In this
case, although the total topological index is zero, contri-
butions from the zero-moodes and the heaviest KK modes
(i.e., doubler modes) cancel out each other. As long as
we focus on the lower modes, nontrival topological index
is effectively realized for the 6D theory. In addition, the
localization profiles of multiple zero-mode wavefunctions
in the continuum theory have been realized by the multi-
plicity of the latticized gauge theories.
Although it is not mentioned in the main text, we
can reproduce effective coupling constants, especially
(three-point) Yukawa coupling constants, after dimen-
sional reduction. If we focus on the lowest modes
among the KK-decomposed modes, the 6D fields are ex-
pressed as Ψ(xµ, z) =
∑
j χ
j
0(x
µ)ψj+,0(z) and Φ(x
µ, z) =∑
j ϕ
j
0(x
µ)φj+,0(z), respectively. Then, integrating out
6D Yukawa interaction terms, e.g., the interaction among
quarks and the Higgs boson in the SM, along two extra
dimensions is expressed as
LYukawa ∝
∫
T 2
d2zΨ(xµ, z)
(
Ψ(xµ, z)
)†
Φ(xµ, z)
=
(∫
T 2
d2z ψi+,0(z)
(
ψj+,0(z)
)†
φk0(z)
)
× χi0(x
µ)
(
χj0(x
µ)
)†
ϕk0(x
µ). (15)
Thus, the effective Yukawa couplings are calculated by
overlap integrations of three kinds of the zero-mode wave-
functions [2]:
yijk =
∫
T 2
d2z ψi+,0(z)
(
ψj+,0(z)
)†
φk0(z), (16)
up to an overall factor. Since the zero-mode wavefunc-
tions succeeded to be (de)constructed, the corresponding
Yukawa coupling constants should be calculated as follows:
y
(D)
ijk =
∑
y
ψ(D),i(y)
(
ψ(D),j(y)
)∗
φ(D),k(y). (17)
Detailed analyses of the (de)constructed Yukawa couplings
are left for our future work. In particular, corrections from
small values of N5, N6 and N7 to Yukawa couplings are
characteristic features of our setup. Those might be de-
tected in the future experiments [15].
As a related topic, the lattice quantum chromodynamics
with magnetic fluxes is actively investigated in the context
of the relativistic heavy ion collision at LHC and RHIC. El-
liptic flows of the quark gluon plasma generate the hugest
magnetic field in the world, and thus researches of the
equation of states and phase transition with external mag-
netic fluxes have attracted much attentions [16–18]. A cru-
cial difference between such researches and ours appears in
a coupling to gluons, which makes the system under con-
sideration more intricate, and for example they derive chi-
ral symmetry breaking. For this reason, our setup is not
related to such researches directly. However, our research
in this Letter provides a great insight of the role of chiral
symmetry on the lattice in the presence of the external
magnetic fluxes.
It should be mentioned to a relation between our model
and an effective Hamiltonian of 3D topological insulators
(TI) [19, 20]. As introduced previously, our Lagrangian is
the Wilson fermion in the 3D, and is coincident with the
effective Hamiltonian of 3D TI. Recently, surface states of
3D TI with the external magnetic field have been observed
in an experiment [21]. It would indicate that the physics of
3D TI is the same as the extra dimensional theory which
can predict family replications of elementary particles.
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